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1 TL;DR

A bivariate normal random vector (A,B), with specified correlation p and standard normal
marginals can be constructed from two independent standard normally distributed r.v.s X
and Y in the following way:

A=X (1)
B=pX+/(1-p)Y (2)

To see this we need to know about properties of the covariance and how to sum normally
distributed random variables.
The main reference for this text is the book [1], 2nd endition, p. 342/343.

2 What is a BVN?

A bivariate normal (BVN) random vector consists of two random variables that follow a
bivariate normal distribution. The BVN is the two-dimensional counterpart to the uni-
variate normal distribution. Similar to the univariate case, the BVN is defined by center
(mean) and spread (variance). However, instead of a single mean, we have a vector of two
means and instead of a single variance, we work with a covariance matrix, usually denoted
as Y. The covariance matrix is always symmetric. it describes the variances of each vari-
able along the diagonal and the covariances between the variables off the diagonal. The
notation for a bivariate normal random vector is given by:

x~ N, X) (3)
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An example of two BVNs is shown in Figure The top figure illustrates a case where
both means are zero and the variables are uncorrelated (i.e., the covariance is 0). The
bottom figure shows a BVN with both means at zero but a relatively high correlation of
0.8 between X and Y.

Top View Bivariate Normal Distribution

3D Bivariate Normal Distribution

Y

Probability Density

3D Bivariate Normal Distribution, Correlation=0.8 Top View Bivariate Normal Distribution, Correlation=0.8

Y

Probability Density

Figure 1: Two Bivariate Normal distributions. Top: means=0 and uncorrelated. Bottom:
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2.1 Definition of a BVN

A vector of two random variables (r.v.s), A, B, is said to have a bivariate normal distribution
if every linear combination of A and B follows a normal distribution. Specifically, t1 A +
toB is normally distributed for any constants ¢; and to. This implies that the marginal
distributions of A and B are also normal, as we can set t; or t2 to 0. However, it is important
to note that the converse is not true; not all normally distributed random variables form a

BVN.



3 Constructing the BVIN

3.1 Why do that?

If we want to work with such a bivariate normal distribution, we can use libraries like SciPy.
However, what if we do not have this option? Perhaps we are offline and cannot install
additional libraries, or we minimize dependencies. In this case, I will demonstrate how
to construct a bivariate normal random vector with a specified correlation, and marginals
that follow a standard normal distribution, by using two normally distributed, independent
random variables.

3.2 Constructing the BVN

From the definition of the BVN above, we understand that a random vector following a
BVN consists of two r.v.s, which we will denote as A and B. Each linear combination
of A and B must also follow a normal distribution. Now, let’s assume we have access to
two independent r.v.s, X, and Y, both of which follow a standard normal distribution:
X ~N(0,1), and Y ~ N(0,1). If we multiply X by a factor a, then the variance becomes
Var(aX) = a?, meaning it remains normally distributed but with variance a®. We can
define A as a linear comination of X and Y: A = aX + bY. Here, A is the sum of two
normally distributed variables with means equal to 0 and variances a? and . The sum
of two normal distributions is also normal, where the new mean is the sum of
the individual means, and the variance is the sum of the individual variances.
Therefore, we have: A ~ N(0,a? + b?). We also express B as a linear combination of X

and Y, thus:

A=aX +0bY (5)
B=cX +dY (6)
implies that
A~ N(0,a% 4 b?) (7)
B~ N(0,¢* +d?) (8)

Because A and B are normally distributed, every linear combination of A and B will also
follow a normal distribution. This is due to the fact mentioned before, that the sum of
two normal distributions is normal. Multiplying A and B by a factor only changes their
variances.

3.3 Ensuring p and standard normal marginals

With the above, we have already constructed the random vector (A,B) that follows a
bivariate normal distribution. However, we still need to ensure that this random vector



has the desired correlation, and we want the marginals to be standard normal, specifically

A~ N(0,1) (9)
B~ N(0,1) (10)
Corr(A,B) =p (11)

Because of equation [7] and b [§] we know that the variances of A and B are a® + b and
c? + d?. Thus, to ensure that these variances equal 1, we need to find values for a, b, c,
and d such that their squared sums equal 1:

a® +b* =1 (12)

c4+dP=1 (13)

Concerning the correlation p, we first realize that in this specific case we have Corr(A,B)

= Cov(A,B). This is because:
Cov(A, B

Corr(A, B) = ov(4, B) (14)
V/Var(A)Var(B)

and we require the variances to be one. Thus the above equation is divided by one, which

brings us to Corr(A,B) = Cov(A,B). To find p, we perform some manipulations using
properties of the covariance (e.g. see [1], 2nd edition, p. 327):

Cov(A,B) = Cov(aX +bY,cX +dY) = (15)

Cov(aX,cX) 4+ Cov(bY,cX) + Cov(aX,dY) + Cov(bY,dY) = (16)
acVar(X) 4+ bcCov(Y, X) + adCov(X,Y) 4+ bdVar(Y) = (17)
ac+bd =p (18)

Here, we used Var(X)=Var(Y)=1, as previously established and Cov(X,Y)=0 because X
and Y are independent and therefore uncorrelated. This leads us to the equation ac+bd = p
in the last line.

We want A and B to have Corr(A, B) = p and to ensure that both have a variance of 1.
This requires values for a, b, ¢, and d that satisfy equations [12] [[3] and [I8 Since we have
three equations but four variables, there will be multiple solutions. To simplify, we can set
b=0, which gives us a=1, because a® + 0> = 1. Substituting this into our equation for p,

yields:

le+0d=0p (19)
c=p (20)
Finally, we use the last equation, to establish that d = \/(1 —p):
c4+dP=1 (21)
pP+d®=1 (22)

d=/1-p?) (23)



From this we find that a=1, b=0, c=p, and d= \/(1 — p%) Summarizing, we can rewrite our

random vector in terms of a, b, ¢, and d:
A=1X+0Y =X (24)
B=pX+(1-p)Y (25)

This gives us the random vector (A,B) that has a bivariate normal distribution with
marginals following a standard normal distribution. To visualize this, we can draw many
samples from X and Y and pass them through the computed transformation. In Figure
I show the histogram of two constructed BVNs. On the left is a BVN where p = 0, and
on the right is a BVN where p = 0.8. You can compare these to the plots above and see
yourself that the distributions are well approximated. The code for construction Figure

can be found here. The most important lines are:

import numpy as np
n_samples=1000

X = np.random.normal(0, 1, n_samples)
Y = np.random.normal (0, 1, n_samples) # Standard normal variable Y
rho = 0

# Step 3: Construct the Bivariate Normal wvector (4,B)

A =X

B = rho * X + np.sqrt(l - rho**2) * Y

# Standard nmormal vartable X
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Figure 2: Histogram of constructed random vector (A,B). Left: p = 0, right: p = 0.8. It
can be seen that the Bivariate Normal distribution is approximated.


https://gist.github.com/sallos-cyber/622c6d4ae954a48761c34a3420093037.git

4 Summary

The Bivariate Normal random vector (A,B), with specified correlation p and standard
normal marginals can be constructed from two independent standard normally distributed
r.v.s X and Y in the following way:

A=X (26)
B=pX+/(1-p)Y (27)

For that we needed to know about properties of the covariance and how to sum normally
distributed random variables.
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